We derive a necessary and sufficient condition for the existence of equilibria with only two active players in the all-pay auction with complete information and identity-dependent externalities. This condition shows that the generic equilibrium of the standard all-pay auction is robust to the introduction of "small" identity-dependent externalities. In general, however, the presence of identity-dependent externalities invalidates well-established qualitative results concerning the set of equilibria of the first-price all-pay auction with complete information. With identity-dependent externalities equilibria are generally not payoff equivalent, and identical players may earn different payoffs in equilibrium. These observations show that Siegel's (2009) results characterizing the set of equilibrium payoffs in all-pay contests, including the all-pay auction as a special case, do not extend to environments with identity-dependent externalities. We further compare the all-pay auction with identity-dependent externalities to the first-price winner-pay auction with identity-dependent externalities. We demonstrate that the equilibrium payoffs of the all-pay auction and winner-pay auction cannot be ranked unambiguously in the presence of identity-dependent externalities by providing examples of environments where equilibrium payoffs in the all-pay auction dominate those in the winner-pay auction and vice versa.
The Model
Suppose each of a finite set of risk-neutral players i ∈ I = {1, . . . , n} submits their bid, x i ∈ X i ≡ R + , for a single prize and the high bidder wins. In case of a relevant tie any procedure may be used to randomly allocate the prize between the high bidders. Winning the prize is worth v ii to player i. Players' valuations for losing may depend on the identity of the winner; v i j is the value to player i if player j wins. Player i's valuation can therefore be represented by an n-dimensional vector v i = (v i1 , v i2 , . . . , v in ), whose elements may be positive, negative or zero. The players valuation vectors are common knowledge. If there exists a player i ∈ I such that v i j v ik for some j, k ∈ I\{i}, we say that this auction exhibits identity-dependent externalities. Otherwise, we refer to the game as a standard auction 3 . We consider two distinct auction formats:
1. The first-price winner-pay auction, in which the highest bidder (or that player selected by the tie-breaking rule) wins and the payoff to player i ∈ I for a given profile of bids, x = (x 1 , x 2 , . . . , x n ) ∈ R n + , is 
2. The (first-price) all-pay auction, in which all players must pay their bids and the payoff to player i ∈ I given a profile of bids, x = (x 1 , x 2 , . . . , x n ) ∈ R n + , is
where j ∈ I is the highest bidder (or that player selected the winner by the tie-breaking rule).
The Reach
Siegel's (2009) analysis has shown that a fundamental construct when analyzing equilibrium payoffs in (allpay) contests, including the all-pay auction, is the "reach". In the context of a standard all-pay auction his definition of "reach" reduces to the highest bid at which a player's winning payoff is zero.
Definition 1 (Reach, Siegel (2009) ). Player i's reach, r i , is the highest bid at which his valuation of winning is 0.
In order to make use of this key concept in auctions with IDE, we adapt Siegel's (2009) notion of reach to an environment with IDE as follows:
Definition 2 (Reach in auctions with IDE). Define r i j = v ii − v i j as player i's reach with respect to player j.
Note that player i's winning payoff when bidding r i j is equal to v i j . Therefore, r i j is the maximum that player i would be willing to bid in order to win the prize rather than have player j win. We assume that all players prefer winning to losing. ceteris paribus. 4 Assumption 1. v ii > v i j for all i, j ∈ I and j i. Figure 1 illustrates the concept of a player's reach in an all-pay auction with and without IDE. Although a player's payoff contingent on winning still depends only on his bid, when he is affected by IDE, his losing payoff is a function of two variables, his bid and the winner's identity.
Winner-Pay Auctions
In the first-price winner-pay auction (WPA) the high bidder wins the prize and is the only player who pays his bid. If multiple players tie for the highest bid, then the winner is determined by a pre-specified tie-breaking rule. Therefore, a tie-breaking rule together with the payoff function (1) fully determine the sharing rule q W P : X → R n , which selects players' payoffs at every point in the space of pure strategy profiles X ≡ × i∈I X i = R n + . We refer to this game as Γ W P = {I, R n + , q W P }. The first-price winner-pay auction format is widely applied, and past analyses of standard auctions have focused on the equilibrium in which the player with the highest valuation wins at the second highest valuation. This intuitive solution is the unique equilibrium that is the limit of pure strategy equilibria of finite games when the mesh of the grid of the strategy space goes to zero. Albano and Matros (2005) characterize the full set of equilibria, including non-degenerate mixed strategy equilibria. In many real world applications of the WPA players only care about winning or losing the prize and the price that they pay. On the other hand, one can think of WPAs in which the exact allocation of the prize impacts losing players, for example, because the ownership of the prize will alter future competition between the participants in the auction. Funk (1996) , who analyzes equilibria of the WPA with complete information and IDE provides multiple examples, such as the auction of a famous painting, in which a museum that does not obtain the painting will likely prefer to see it going to a private collector rather than another art museum which will potentially attract their visitors. It is therefore not unlikely that bidders in this type of auction may differentiate between their opponents. License auctions such as those for telephone spectrum are another example (see Hoppe, Jehiel, and Moldovanu (2006) ). Funk (1996) characterizes the set of pure strategy equilibria of the first-price winnerpay auction with identity-dependent externalities and finds that equilibrium is in general not unique and different equilibria may have different winners and payoffs. Just as in the intuitive equilibrium of the standard winner-pay auction, with IDE the players' reaches determine the equilibrium winners. In order to rule out unrealistic equilibria Funk (1996) also considers "undominated strategy equilibria", that is equilibria in which all players' strategies are in the closure of the set of their undominated strategies. All undominated strategy equilibrium winners and bids of Γ W P are characterized in Funk's (1996) Lemma 3:
Theorem 1 (Funk (1996) ). The set of undominated strategy equilibrium winners and bids is {(w, x) ∈ I × R n |∀ j ∈ I : x j ≤ r j and ∃s w :
where r i ≡ max j∈I r i j and γ w ≡ max i w r iw .
It follows that a player i ∈ I is an undominated strategy equilibrium winner if and only if there exists another player j ∈ I\{i} such that the interval max k i r ki , min r j , r i j is non-empty. Different elements of the set of undominated strategy equilibrium winners and bids may be supported by different tie-breaking rules. In particular, if there exist players i, j ∈ I, i j such that r i j = r ji ≥ max{γ i , γ j }, then there exist two different deterministic tie breaking rules, one under which (i, r i j ) is in the set of equilibrium winners and winning bids and another one under which ( j, r i j ) belongs to this set.
All-Pay Auctions
In the all-pay auction (APA) players are not reimbursed for their competitive expenditures. Although only a high bidder receives the prize, all bidders pay the cost of their respective bids. As candidates for tie-breaking rules we consider functions that map pure strategy profiles into probability mass functions on the set of high bidders at that point in the space of pure strategy profiles. A tie-breaking rule together with the payoff function (2) define a 4 sharing rule q AP : X → R n , indicating the payoff to each player at any point in the space of pure strategy profiles. We refer to this game as Γ AP = {I, R n + , q AP }. We show in Proposition 1 that the equilibria of the all-pay auction with IDE are not affected by the choice of tie-breaking rule.
The all-pay auction format is used to model competition in which expenditure is sunk and the allocation of the prize is determined by the players' bids only. Prominent examples of competition that satisfy these criteria are lobbying for political rents, research and development races, and job market tournaments. In many of these contests players are not indifferent to the identity of the outcome given that it is not their most preferred one. Lobbyist groups for example typically care about the implemented policy even if it is not their most favored one. Additionally, IDE are often caused by post-auction competitive interactions between the players in which the ownership of the prize plays a role. Imagine three companies which produce imperfect substitute goods. Each company may invest in research in order to develop a new cost saving production technology. In this scenario a company will unlikely be indifferent as to which competitor wins the R&D race. Not only does it matter which competitor's product is a closer substitute to the company's own product, but also overlap in the targeted consumer markets or possible licensing agreements (among other factors) make players discriminate between their opponents. Baye et al (1996) provide a complete characterization of the set of equilibria for the standard n-player all-pay auction with complete information. They show that the equilibrium is only unique when the third highest reach is strictly smaller than the second highest. Otherwise, multiple equilibria arise, which are payoff equivalent but may yield different revenues. The equilibrium in which the two players with the highest reaches randomize their bids together over the interval between zero and the second highest reach and all other players stay out of the competition by bidding zero has attracted the most attention. This is the unique equilibrium in the case that the two highest reaches are uniquely identified, and an equilibrium of this type still exists in all other cases of the standard all-pay auction.
The main focus of this section is to show the existence of a certain type of equilibrium in the presence of IDE that shares several of the properties of the equilibria with two active players identified by Baye et al (1996) . Alcalde and Dahm (2010) define an "all-pay auction equilibrium" as an equilibrium in which only two players with the highest valuations, v 1 and v 2 (with v 1 ≥ v 2 ), actively participate (i.e., place positive bids with positive probability), their expected bids are v 2 /2 and (v 2 ) 2 /(2v 1 ), and expected payoffs are v 1 − v 2 and 0, respectively. Alcalde and Dahm's (2010) analysis shows that contests in which players pay their own bids exhibit this type of equilibrium under a wide class of contest success functions satisfying a set of conditions, which include monotonicity and anonymity properties, restrictions on the set of discontinuities, and an elasticity property which implies that, conditional on the profile of bids, the highest bidder is sufficiently likely to win the contest.
Siegel (2009) keeps the assumption of an auction contest success function (i.e. the high bidder wins the prize with certainty) and shows, under fairly general assumptions on a player's payoffs from winning and losing as a function of his own bid, 5 that there always exists an equilibrium in which all players receive the "all-pay auction equilibrium" payoffs, that is the maximum of their power 6 and zero. Siegel's (2009) Theorem 1 states that in generic 7 all-pay contests of this type all equilibria are payoff equivalent with exactly the payoff structure described above. 8 Any of these observations may be violated when IDE are present. Throughout our analysis we will refer to equilibria in the mixed extension of the game Γ AP = {I, R n + , q AP } with the set of players I, pure strategy sets X i = R + and sharing rule q AP based on a tie-breaking rule and payoff functions u AP i (x), i ∈ I, given in (2). We alternately denote a strategy of player i in the mixed extension of Γ AP by the probability measure on R + , µ i , or the corresponding cumulative distribution function F i . Adapting the reasoning of Alcalde and Dahm (2010) to the case of IDE, we may modify the definition of an all-pay auction equilibrium for this case.
Definition 3 (All-pay Auction Equilibrium with IDE).
In an all-pay auction equilibrium F * = (F * 1 , F * 2 , . . . , F * n ) only two bidders, i and j, submit strictly positive bids with positive probability. All other bidders abstain from the contest (by bidding zero).With r i j ≥ r ji the expected bid of player i is E(F * i ) = r ji /2 and the expected bid of j is E(F * j ) = (r ji ) 2 /(2r i j ). Player i's expected equilibrium payoff is v ii − r ji , player j's expected equilibrium payoff is v ji .
In this definition we do not pin down the identity of the two active players because, as we show in section 4.1, in environments with IDE there may exist all-pay auction equilibria in which the two players who are active have reaches with respect to one another that are small relative to the reaches of other pairs of players.
In section 4.1 we demonstrate that in the presence of IDE all-pay auction equilibria need not exist. In fact, we provide a necessary and sufficient condition for the existence of such an equilibrium. Before doing so, we first apply a result due to Simon and Zame (1990) to show that in the complete information all-pay auction with IDE a mixed-strategy equilibrium always exists. The first step is to apply their main theorem to show that there exists a profile of mixed strategies, µ = (µ 1 , . . . , µ n ), and an endogenously determined sharing rule, 9 q, such that µ is a Nash equilibrium if relevant ties are broken according to the sharing rule q. Following the logic of the "Tie Lemma" in Siegel (2009), we then show that no relevant ties occur in equilibrium and, as a consequence, µ is a Nash equilibrium of the all-pay auction even when other sharing rules are applied. 10 Proposition 1 (Existence). Every complete information all-pay auction with identity-dependent externalities, Γ AP , has a Nash equilibrium in mixed strategies.
Proof. For every player i ∈ I define r i = max j∈I r i j . Then, by definition of r i , player i ∈ I would prefer losing to any of his opponents over winning with a bid that is higher than r i , i.e. all bids which are strictly greater than r i are strictly dominated by bidding zero. Therefore, we restrict player i's, i ∈ I, strategy space in this proof to
then X * is a dense subset of X. Define the bounded and continuous payoff function ϕ : X * → R n by
where w = arg max i∈I x i .
Let C ϕ : X → R n be the correspondence whose graph is the closure of the graph of ϕ, and define Q ϕ (x) to be the convex hull of
Q ϕ is bounded and upper hemi-continuous, with nonempty, convex, compact values and coincides with ϕ on X * . Then from Simon and Zame (1990) there exists a Borel measurable function q = (q 1 . . . , q n ) : X → R n with q(x) ∈ Q ϕ (x) for all x ∈ X and a profile of mixed strategies µ = (µ 1 , . . . , µ n ), where µ i is a probability measure on X i , i ∈ I, such that for each player
for all probability measures β i on X i . That is µ is a Nash equilibrium when ties are broken as specified by q. Next, following the argument of Siegel (2009), we show that µ(X \ X * ) ≡ X\X * dµ(x) = 0; hence µ constitutes a Nash equilibrium for any sharing ruleq withq(x) ∈ Q ϕ (x), for all x ∈ X. By way of contradiction, assume that there exists a subset of players N ⊆ I, with |N| ≥ 2, who have an atom at some b ∈ i∈N X i , such that µ({x ∈ X|x i = b ∀i ∈ N, x i < b ∀i ∈ I \ N}) > 0. Then, there exists at least one player i ∈ N who can strictly increase his probability of winning by moving his atom at b to a slightly higher bid. By assumption 1, i would be strictly better off if this bid is sufficiently close to b, contradicting that µ i is a best-response for player i. This shows that µ(X \ X * ) = 0 and µ is a Nash equilibrium for any sharing ruleq. 9 In the case of the all-pay auction with IDE, the sharing rule is already uniquely determined for all strategy profiles which exhibit a unique highest bid. The part of the sharing rule, which will be determined endogenously is concerned with ties. Therefore, we can say that in the game Γ AP Simon and Zame's (1990) result shows that an endogenously determined tie-breaking rule exists, such that an equilibrium in mixed strategies exists in the game with this tie-breaking rule.
10 A number of other results in the literature on existence of equilibria in discontinuous games can be applied, although verification that the stated sufficient conditions are satisfied is sometimes taxing. For instance, with considerable work, one may show that the finite deviation property holds in the mixed extension of the all-pay auction with identity-dependent externalities, so that Theorem 2.9 of Reny (2009) applies. It is useful to note, however, that several existence theorems appearing in the literature, which cite the standard all-pay auction as an example of the theorem's applicability, do not apply generally to all-pay auctions with identity-dependent externalities. For example, neither the uniform payoff security condition of Monteiro and Page Jr (2007) nor the hospitality condition of Prokopovych and Yannelis (2013) apply generally to all-pay auctions with identity-dependent externalities.
(Non-)Existence of an All-Pay Auction Equilibrium
An all-pay auction equilibrium exists if and only if there exists a pair of players such that no other player is willing to submit any positive bid when these two players compete against each other in a two-player all-pay auction.
Proposition 2 (Necessary and Sufficient Condition for the Existence of an "All-Pay Auction Equilibrium"). There exists an equilibrium in which player i employs the mixed strategy
player j employs the mixed strategy
and all other players bid zero with certainty (i.e. F k (x) = 1 ∀x ≥ 0) if and only if
for all k ∈ I\{i, j}.
Before proceeding with the proof, note that the logic of the characterization of equilibrium with two players in the standard all-pay auction (Hillman and Riley, 1989) implies that if an all-pay auction equilibrium exists with players i and j the only active players and r i j ≥ r ji , then the equilibrium requires that these two players randomize according to the distributions defined in the proposition. Similarly, if distributions defined in the proposition form an equilibrium, then r i j ≥ r ji and the equilibrium is an "all-pay auction equilibrium."
Proof. " −→ " Suppose the strategies specified in the proposition form an equilibrium. Then the probability that player i wins the auction is (1 − r ji 2r i j ) and the probability that player j wins is r ji 2r i j . Therefore, each player k ∈ I\{i, j} earns an expected payoff of (1 − r ji 2r i j )v ki + r ji 2r i j v k j . Because the given strategies form an equilibrium, no player k ∈ I\{i, j} is able to profitably deviate to a bid x ≥ r ji and win with certainty. Consequently, for such an x, v kk − x ≤ (1 − r ji 2r i j )v ki + r ji 2r i j v k j , which implies that (1 − r ji 2r i j )r ki + r ji 2r i j r k j ≤ x. Since this holds for all x ≥ r ji , it follows that r i j ≥ r ji ≥ (1 − r ji 2r i j )r ki + r ji 2r i j r k j . " ←− " Suppose (3) holds. If players k ∈ I\{i, j} bid zero with certainty, then it follows from Hillman and Riley (1989) that the given strategies for players i and j constitute best responses. So it is sufficient to prove that no player k ∈ I\{i, j} has a profitable deviation. Suppose such a player k submits a bid x ≥ r ji . Then, he would win with certainty and his payoff would be
If player k submits a bid x ∈ (0, r ji ), then his expected payoff is
where the final inequality follows from (3). Consequently, no profitable deviation exists and the given strategy profile constitutes an all-pay auction equilibrium.
Proposition 2 proves that all-pay auction equilibria may exist in the presence of identity-dependent externalities. Moreover, it illustrates that a player's willingness to bid is endogenous: the maximum bid at which player k's, k ∈ I\{i, j}, payoff from winning is at least as high as his payoff from losing with a bid of zero depends on other players' probabilities of winning (and, therefore, their strategies). More specifically, this maximum bid is equal to the convex combination of his reaches with respect to the two active players, using the active players' respective winning probabilities as weights. One consequence is that the condition for the existence of an all-pay auction equilibrium is trivially satisfied whenever there exist an i and j such that each of the players k ∈ I\{i, j} is not willing to bid more against either i or j than i and j are willing to bid against each other (r ki , r k j ≤ min{r i j , r ji } ∀k ∈ I\{i, j}).
A direct implication of this condition is that all-pay auctions with identity-dependent externalities that are sufficiently close to a "generic" standard all-pay auction without such externalities will possess an equilibrium qualitatively similar to that of the standard auction (in this case to be "generic" it is sufficient that in the standard all-pay auction there is a strict ordering between the three highest values of winning). For instance if for every i ∈ I, v i j is close to being constant across j i (such as, but not restricted to, v i j ≈ 0 for all j ∈ I \ {i}), then r i j ≡ v ii − v i j is for every j ∈ I \ {i} close to a constant, which we will call r i . In this case, if the largest three r i 's are strictly ranked, say r 1 > r 2 > r 3 ≥ . . . ≥ r n , in such a way that r 1 j > r 2k > r lm for every j 1, k 2, l {1, 2}, and m ∈ I, then there exists an equilibrium of the all-pay auction with identity-dependent externalities that is qualitatively similar to that of the standard all-pay auction with values v i = r i . In this equilibrium only players 1 and 2 are active, with player 2 placing a mass point at zero. Thus, Proposition 2 provides, as a special case, a robustness result indicating how the results of standard all-pay auctions can be extended to address "small" identity-dependent externalities.
Another implication of the condition is that a sufficient condition for the existence of an all-pay auction equilibrium is that d(i, j) ≡ r i j is a semi-metric. 11 In this case, r i j = r ji for every i, j ∈ I, and the existence of a pair i, j ∈ {arg max l,m∈I r lm } guarantees that r ki , r k j ≤ min{r i j , r ji } ∀k ∈ I\{i, j}.
Note that Proposition 2 does not preclude the possibility of the existence of multiple all-pay auction equilibria The case in which there are three players and r i j , i, j ∈ I is a semi-metric provides a useful example.
Example 1 (Multiplicity of All-Pay Auction Equilibria). Let I = {1, 2, 3} and assume that r i j , i, j ∈ I, is a semimetric. Without loss of generality label players so that r 12 = r 21 ≡ r max ≥ r 13 = r 31 ≡ r med ≥ r 23 = r 32 ≡ r min (see Figure 2) 
/ /
Figure 2: Illustration of a configuration of reaches in a three player environment that leads to the existence of multiple all-pay auction equilibria equilibrium exists with players 1 and 2 the active players and player 3 bidding zero with certainty. Examining the common reach of players 1 and 3 with respect to one another, the necessary and sufficient condition from Proposition 2 for these two players to to be the sole active players in an all-pay auction equilibrium is r 13 = r 31 ≥ (1 − Our next example shows that, even in simple three player environments with identity-dependent externalities, an all-pay auction equilibrium does not necessarily exist. It therefore illustrates the "only if" part of Proposition 2. This stands in contrast with the results of Baye et al (1996) , which demonstrate the existence of an all-pay auction equilibrium in standard all-pay auctions for any configuration of player values of the prize.
Example 2 (Non-Existence of an All-pay Auction Equilibrium). Consider an APA with three players in which players may differ in their valuations of winning the prize, but agree as to how much they would each be willing to spend in order to outbid a common opponent, e.g. valuations are distributed such that r 21 = r 31 < r 12 = r 32 < r 13 = r 23 (see Figure 3) .
r 12 r 32 r 13 r 23 / / Figure 3 : Illustration of a configuration of reaches in a three player environment that leads to the nonexistence of all-pay auction equilibrium.
Clearly in this example no player ever stays out of the contest, i.e. bids zero with certainty, in equilibrium. If player i ∈ I = {1, 2, 3} bids zero, then the remaining two players j and k, j, k ∈ I\{i}, j k must randomize continuously up to min{r jk , r k j }. As a consequence, both, j and k win with positive probability. Therefore, there exists a bid x ∈ (min{r jk , r k j }, max{r jk , r k j }) such that player i's payoff when bidding zero is equal to his payoff when winning at x. However, because players j and k do not submit bids higher than min{r jk , r k j }, player i could increase his payoff by outbidding the other players with certainty. The interval (min{r jk , r k j }, x) is nonempty and any bid in that interval strictly increases player i's payoff. Therefore, in equilibrium i cannot stay out of the contest.
Note that this example is robust in the sense that there is an open set of vectors of reaches, which contains the vector employed in the example, for which the conditions of Proposition 2 do not hold. Thus, the existence of an all-pay auction equilibrium is not a generic property in all-pay auctions with IDE.
Equilibrium Payoffs
Baye et al (1996) show for the standard all-pay auction that even if multiple equilibria exist, they are all payoff equivalent. In the same spirit, Siegel's (2009) main result uniquely determines all players' equilibrium payoffs in generic contests, implying that equilibria of all-pay contests are generically payoff equivalent. In the following, using a simple example, we show that (i) players' payoffs may vary across equilibria, and (ii) identical players may earn different payoffs in the all-pay auction with identity-dependent externalities. We start by demonstrating both claims with an example in which identical players earn different equilibrium payoffs. We then argue that this example may be extended to an open set of vectors of reaches for which multiple equilibria exist and players' payoffs vary across equilibria.
Example 3 (Different Payoffs to Identical Players). Consider an environment with three players and the following order of reaches 12 : r 12 = r 21 < r 13 = r 23 < r 31 = r 32 (see Figure 4) . Note that players 1 and 2 are identical.
• In this example players 1 and 2 may choose identical strategies, in which case the (symmetric) equilibrium strategy profile is the following: Let j, k ∈ {1, 2}, j k,
with κ = 2r j3 r j3 +r jk > 1 ands = r j3 1 − 1 − 1 κ κ . Note thats ∈ (r jk , r j3 ). is the upper bound of the support of each of the three players' equilibrium strategies.
12 A similar configuration of reaches is examined in Klose and Kovenock's (2012) analysis of extremism and moderation, representing the case of two centrist players and one radical.
There also exist equilibria, which take on the "all-pay auction equilibrium" form, i.e. one player, i ∈ {1, 2}, does not participate in the all-pay auction and free rides. The other two players randomize together up to r j3 , j ∈ {1, 2}\{i}. Their equilibrium strategies are:
.
In this equilibrium the free riding player, i, receives a payoff u * i ∈ (v i3 , v i j ), which is strictly greater than the payoff that the ex-ante identical player j ∈ {1, 2}\{i} receives, u * j = v i3 .
Several comments are in order. First note that by Theorem 1 identical players may also earn different equilibrium payoffs in the winner-pay auction. We examine further the comparison of the all-pay auction with the winner-pay auction in section 5.
The (asymmetric) all-pay auction equilibria in which either player 1 or 2 abstains from the contest clearly persist if we perturb the environment slightly. Two infinitesimally different players earn strictly different payoffs in this equilibrium. The existence of an open set of vectors of reaches for which equilibria are not payoff equivalent shows that it is not possible to generalize Siegel's (2009) characterization of equilibrium payoffs to contests with IDE, even if one restricts the cost functions to the most simple form as used in the all-pay auction.
Comparison of Equilibria
We have shown in the previous section that equilibria of the APA with IDE do not share many of the features of the equilibria of the standard all-pay auction or do so only under strong restrictions on players' valuations. Below we show that although there exists a strong connection between the equilibrium payoffs of standard winner-pay and all-pay auctions the same cannot be said about these auction formats in the presence of identity-dependent externalities.
From the equilibrium characterization in Baye et al (1996) we know that in the standard all-pay auction all players earn the maximum of their power and zero in any equilibrium. It is easy to see that the same is true for the undominated pure strategy equilibria of the standard winner-pay auction (see footnote 2), as players' reaches here are just their respective valuations of the prize and a player with the highest valuation wins at the second highest valuation. Funk (1996) shows that undominated strategy equilibria of the WPA with IDE are in general not payoff equivalent, and that multiple equilibria may exhibit different winners. We have found the same true for APA with IDE, therefore it is not digressive to ask whether for every equilibrium there exists an equilibrium of the winner-pay auction whose payoffs coincide with those of an equilibrium of the all-pay auction. Below we show that in the presence of IDE the two auction formats considered cannot generally be ranked by their equilibrium payoffs.
Example 4 (Higher Payoffs in the All-Pay Auction). Example 3 provides a configuration of valuations for which there exists an equilibrium of the all-pay auction with identity-dependent externalities that strictly payoff dominates any undominated strategy equilibrium of the winner-pay auction (see Figure 5 ).
• / / Figure 5 : Illustration of a configuration of reaches that leads to higher equilibrium payoffs in the all-pay auction than in the winner-pay auction.
In that example, we identify an equilibrium mixed-strategy profile of the all-pay auction in which identical players play identical strategies and the payoff to each player i is v ii − s, where s ∈ (r jk , r j3 ), j, k ∈ {1, 2}, j k, isthe common upper bound of the support of the three players' strategies. In the corresponding winner-pay auction any undominated strategy equilibrium yields a unique winner, player 3, at a unique winning bid equal to r 13 = r 23 . Therefore, any winner-pay equilibrium yields a payoff v i3 to players i ∈ {1, 2} and v 33 − r i3 to player 3.Clearly, since s < r 13 = r 23 , every player earns a strictly higher payoff in the equilibrium of the all-pay auction.
In Example 3 we also identify two all-pay auction equilibria in which either player 1 or 2 bid zero with probability one and the other two players randomize up to r 13 = r 23 . In both of these equilibria, the inactive player receives a strictly higher payoff than in the winner-pay auction, and the two active players receive the same payoff in both auctions. In fact, for the indicated configuration of values, every equilibrium of the APA must have at least one player do strictly better than the payoff in the winner-pay equilibrium in undominated strategies and no player do worse. This is true since for both players 1 and 2, any bid above r 13 = r 23 is strictly dominated by bidding zero, hence no equilibrium of the all-pay auction can give any player a strictly lower expected payoff than in the winner-pay auction. Furthermore, in any equilibrium at least one of the players i ∈ {1, 2} must win with positive probability and the other player ( j ∈ {1, 2} \ {i}) must earn strictly greater than v j3 , since he always has the opportunity to respond by bidding zero and earning v ji with positive probability and v j3 with the remaining probability.
Although, in the environment above, in every equilibrium of the APA all players' payoffs are at least as high and at least one player's payoff strictly higher than the respective payoffs in undominated strategy equilibria of the WPA, we show below that this ranking is not universal. There also exist environments in which there is an undominated pure strategy equilibrium of the winner-pay auction that yields strictly higher payoffs to all players than any equilibrium of the all-pay auction.
Example 5 (Higher Payoffs in the Winner-Pay Auction). Consider an all-pay auction with three players and the following order of reaches: r 13 = r 23 ≤ r 31 = r 32 ≤ r 12 = r 21 (see Figure 6 ).
• / / Figure 6 : Illustration of a configuration of reaches that leads to higher equilibrium payoffs in the winner-pay auction than in the all-pay auction.
There exist multiple undominated strategy equilibria of the winner-pay auction in this environment.
1. Player i ∈ {1, 2} may win at r i j , j ∈ {1, 2}\{i}, in which case player 3 receives v 3i , player j receives v ji and the winner i receives v ii − r i j = v i j . 2. Player 3 may win at a bid x ∈ [r i3 , r 3i ], i ∈ {1, 2}, in which case he earns v 33 − x ∈ [v 33 − r 3i , v 33 − r i3 ] and players i ∈ {1, 2} receive v i3 .
In the all-pay auction one equilibrium matches the payoffs of the first winner-pay equilibrium. In this equilibrium player 3 does not actively participate in the bidding and players 1 and 2 randomize uniformly over [0, r 12 ]. In order to prove that no equilibrium of the all-pay auction can give any player at least as high a payoff as the equilibrium of the winner-pay auction in which player 3 wins with a bid of r i3 , it is sufficient to show that neither player 1 nor 2 will ever abstain from bidding in any equilibrium. To see this, suppose, player i ∈ {1, 2} bids zero with certainty, then players 3 and j ∈ {1, 2}\{i} only randomize up to r j3 = r i3 , leaving both of them with a chance of winning. Player i's equilibrium payoff is therefore equal to his winning payoff when bidding at some point y ∈ (r i3 , r i j ) and he could strictly improve that payoff by placing a strictly lower bid b ∈ (r i3 , y). With all three players participating in equilibrium it is straightforward to show that the upper bound of the support of each player's strategy is always strictly greater than r i3 and thus all players' equilibrium payoffs will always be lower than those in this winner-pay equilibrium.
In ending this section it is worth noting that the results of both examples 4 and 5 are robust; the environments may be perturbed without changing the relevant rankings of the equilibrium payoffs.
Conclusion
In this paper we have compared and contrasted the properties of equilibrium in all-pay auctions with identitydependent externalities to those of winner-pay auctions with identity-dependent externalities and standard all-pay auctions (in the absence of externalities). In addition to proving the existence of equilibrium in all-pay auctions with identity-dependent externalities, we have provided one important positive result: A necessary and sufficient condition for the existence of equilibria with only two active players (so called, "all-pay auction equilibria"), which yield equilibrium distributions and payoffs to the active players that coincide with the generically unique equilibrium of the associated standard two-player all-pay auction. We thereby provide a robustness result extending the analysis of the standard all-pay auction to "small" identity-dependent externalities.
However, we have also shown that many of the conclusions drawn in the literature regarding equilibrium strategies and payoffs in standard all-pay auctions, and their relation to standard winner-pay auctions, must be modified in the presence of IDE. Based on our findings, it does not appear to be possible to make simple statements about equilibrium payoffs for environments with identity-dependent externalities that are as strong as those appearing in previous treatments of standard all-pay contests with auction contest success functions. This includes the results of Baye et al (1996) for standard all-pay auctions and Siegel (2009) for contests with more general cost functions.
Because deviations from the prescriptions of the theory of standard all-pay auctions hold for open sets of vectors of reaches, and standard all-pay contests represent merely a lower-dimensional subspace of the space of all-pay contests with identity-dependent externalities, our results illustrate the need for careful analysis before making predictions in environments modeled as all-pay auctions.
In fact, one might reasonably argue that many of the environments that have lent themselves to modeling as standard all-pay auctions, such as organizational rent seeking, lobbying, presidential primaries, and innovation or patent races, are actually environments with identity-dependent externalities. Given the ubiquity of these environments, further work in applying and extending our analysis appears a fruitful plan of research.
